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ON STRONG ERGODIC PROPERTIES OF QUANTUM 
DYNAMICAL SYSTEMS 



Q\ . FRANCESCO FIDALEO 

o 



o , 

{SJ , Abstract. We show that the the shift on the reduced C* -algebras of 

RD-groups, including the free group on infinitely many generators, and 
^ | the amalgamated free product C*-algebras, enjoys the very strong ergodic 

property of the convergence to the equilibrium. Namely, the free shift con- 
verges, pointwise in the weak topology, to the conditional expectation onto 
the fixed-point subalgebra. Provided the invariant state is unique, we also 
show that such an ergodic property cannot be fulfilled by any classical dy- 
namical system, unless it is conjugate to the trivial one-point dynamical 
system. 
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1. INTRODUCTION 



> 
. 

O ■ The study of the ergodic properties of quantum dynamical systems has been 

an impetuos growth in the last years, in view of natural applications to various 
field of mathematics and physics. It is then of interest to understand among the 
various ergodic properties, which one survives and/or is meaningful, by passing 
from the classical to the quantum case. By coming back to the classical case, 
a very strong ergodic property for the dynamical system (Q, T) consisting of a 
compact Hausdorff space Q and a homeomorphism T, is the unique ergodicity. 
This means that there would exist a unique invariant Borel measure \x for 



^ rt-l 

T. It is seen that the ergodic average — } f o T k of any fixed function /, 

n / — 1 

k=0 

converges uniformly to the constant function J f d /i- A pivotal example of a 
classical uniquely ergodic dynamical system is given by an irrational rotation 
on the unit circle. In the quantum setting, the unique ergodicity is formulated 
as follows. Let (21, a) be a C*-dynamical system consisting of the unital C*— 
algebra 21 and the automorphism a. Then the unique ergodicity for (21, a) is 
equivalent (cf. [1]) to the norm convergence 

1 n— 1 

lim - Va n (a) = E(a) , a e 2L (1.1) 

k=0 
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Here, E — u{ • )1 is the conditional expectation onto the fixed-point subal- 
gebra of a consisting of the constant multiples of the identity, and uj G 5(21) 
is the unique invariant state for a. A natural generalization requires that the 
the fixed-point subalgebra for a in (1.1) is nontrivial. This property, denoted 
as the unique ergodicity with respect to the fixed-point subalgebra, has been 
investigated in [1] . The strict weak mixing was investigated in [4] . This means 
that 

-. n— 1 

lim -V \ip(a k (a)) - ip(E(a))\ =0, aG2l, 

k=0 

for every </? G 5(21). As before, is the unique conditional expectation pro- 
jecting onto the fixed-point subalgebra. Notice that the last mentioned ergodic 
property is implied (cf. [13]) by the following norm convergence 

1 n— 1 

lim -V a nk (a) = E(a) , a G 21 (1.2) 

fc=0 

provided {n fc } feeN is any subsequence of natural numbers with nonnull lower 
density. 

In the present paper we investigate another very strong ergodic property as 
follows. We simply require that 

lim <p(a n (a)) = ip(E(a)) , aeSt, (1.3) 

n— >+oo 

for every G 5(21). As for the previous situations concerning ergodicity and 
weak mixing (cf. Proposition 2.3), the convergence to the equilibrium con- 
sidered here, is connected to the norm convergence of suitable Cesaro means. 
Namely, (1.3) is implied by the norm convergence of the means in (1.2), for all 
the subsequences {nfc}fc e N of natural numbers. 

The property (1.3) of the convergence to the equilibrium is perfectly mean- 
ingful in the quantum setting but it has no counterpart in the classical case. 
Here, there are the main results of the present paper. If a classical system 
(X, T) fulfils (1.3) with E(f) = f fd^, the support of the unique invariant 
measure /i is a singleton, that is, it is conjugate to the trivial one-point dy- 
namical system. The last result holds true under the additional condition 
of separability, that is when X is a compact metric space. On the other 
hand, we can exhibit some interesting examples of i?-mixing C*-dynamical 
system by passing to the quantum case. Indeed, we show that the shifts on 
the reduced C*-algebras of RD-groups, including the free shift on the free 
group on infinitely many generators, and the amalgamated free product C*- 
algebras, enjoy the property of the convergence to the equilibrium (1.3). Such 
a result was recently extended in [2] to the case of g-commutation relations. 
Namely, the shift on the C*~algebras generated by the Fock representation of 
the g-commutation relations has the strong ergodic property (1.3) (denoted 
as unique mixing when there is only one invariant state for the dynamics), 
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when \q\ < 1. Thus, we provide nontrivial examples of uniquely mixing C*- 
dynamical systems for which the unique invariant state is not faithful (case 
of the C*-algebra generated by the g-commutation relations), or when it is 
faithful (case of the C*-algebra generated by the self-adjoint part of the gen- 
erators of the g-commutation relations for which the restriction of the Fock 
vacuum is a faithful trace). However, for all these cases, the associated GNS 
covariant representation is faithful. 



2. TERMINOLOGY, NOTATION AND BASIC RESULTS 

In the present paper we always deal with unital C* algebras 21 with the 
identity 1. Let 21 be a C*-algebra. In view of applications to physical systems 
with nontrivial superselection structure, it is natural to consider different folia 
T C 21*. Fix a representation n on the Hilbert space H n , and consider the 
linear space L 1 (7i 7r ) made of all the trace class operators acting on H n . Define 
for A G L\JU), (p A (x) := Tt{Att{x)), and ^ := | A G L\H*)}. Let 
JF C 21* be a set of linear functionals of a C*-algebra 21. It is called a folium 
if it arises as T = T^, for some representation 7r of 21. 

For a (discrete) C*-dynamical system we mean a triplet (21, a, uS) consisting 
of a unital C*-algebra 21, an automorphism a of 21, and a state u G 5(21) 
invariant under the action of a. The pair (21, a) consisting of C*-algebra and 
an automorphism a as before, is called a C*-dynamical system as well. A 
classical C*-dynamical system is simply a dynamical system such that 21 ~ 
C(X), C(X) being the Abelian C*-algebra of all the continuous functions on 
the compact Hausdorff space X. In this situation, a(f) = f o T for some 
homeomorphism T : X i— > X. 

A C*-dynamical system (21, aj is said to be uniquely ergodic if there exists 
only one state ui invariant for a. A classical C*-dynamical system (C(X),T) is 
said to be strictly ergodic, if it is uniquely ergodic and fJ>(U) > for each open 
set U C X, n being the unique invariant probability measure invariant under 
T. (C(X),T) is said to be minimal if {T n x \ v G Z} = X for each x G X . It is 
said forward topological transitive if {T n x \ v G N} = X for some x G X. Let 
(Xj, Aj, Hj,Tj) be measurable dynamical systems consisting for j = 1,2, of 
sets Xj, (T-algebras Aj, probability measures /ij on Aj, and finally measure- 
preserving invertible transformations Tj. The last are said to be conjugate 
if there exist sets Aj G Aj of full measure such that Tj(Aj) = Aj, and a 
one-to-one measure-preserving map S : A± i— > A 2 such that T 2 = S oTi o S* -1 . 
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Let (21, a, ui) be a C*-dynamical system and a, b G 21. It is said to be 
ergodic, weakly mixing or mixing if 

rt— 1 

lim - uo(aa k (b)) = u(a)u(b) , 

k=0 
n-1 



lim -^|cu(aa fe (&)) -cu(aV(&)| =0, 
lim a;(aa! n (&)) = c<j(a)a;(6) , 



respectively. Let (H^, 7r w , [/, fi) be the GNS covariant representation canon- 
ically associated to the dynamical system under consideration. It can be 
straightforwardly seen (see e.g. Proposition 5.2 for a similar situation) that 
(21, a, ui) is ergodic, respectively weakly mixing or mixing if and only if 



n— 1 

lim -Y,(U k Z,v) = (Z,ty({l,v), (2.1) 

n^+oo n z — ' 



fe=0 

/(-I 

n-»+oo n 



n—1 

lim - E I <^> ^> " ^' fi > ^> I = > ( 2 - 2 ) 

fc=0 

lim (f/%r ? ) = (e,fi)(fi,r ? ), (2.3) 

n— >+oo 

respectively. Let s[uS) be the support of uj in the bidual 21**. Then s{ui) e 
Z(2l**) if and only if f2 is also separating for 7r(2l)", Z(2l**) being the centre 
of 21** (see e.g. [9], Section 10.17). Recall that a conditional expectation 
_E:2t>-»Q3c2lisa norm-one projection of the C*-algebra 21 onto a C*- 
subalgebra OS. 

Let (21, a) be a C*-dynamical system, and E : 21 1— > 21 a linear map. 
Definition 2.1. 

(i) (21, a) is sazd to fre E-ergodic if 

n— 1 

lim -V <^(a fe (x)) = y?(£(x)) , x e 21, e 5(21) . 



k=0 

(ii) (21, a) is said to be E -weakly mixing if 

n-1 



lim -J2\ip(a k (x)) -<p(E(x))\ = 0, a; e 21 , </? e 5(21) . 



n^+oo n 

fc=0 



(iii) (21, a) is said to be E-mixing if 

lim ip(a n (x)) = <p(E(x)) , x e 21 , </? e 5(21) . (2.4) 
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It can readily seen (cf. [4]) that the map E is a conditional expectation pro- 
jecting onto the fixed point subalgebra 21°. If E — u{ ■ )1 (i.e. when there is a 
unique invariant state for a), we call the dynamical sistem under consideration 
uniquely ergodic, uniquely weak mixing or uniquely mixing respectively. By us- 
ing the Jordan decomposition of bounded linear functionals, one can replace 
5(21) with 21* everywhere in Definition 2.1. 

Proposition 2.2. Let (21, T) be a C* -dynamical system. Then (iii)=> (ii)=> (i) . 
Proof. Let up G 5(21). 

(iii) =► (ii) ip{a\x)) -> <p{E{x)) <C=> \ V (a k (x))-uj(E(x))\^0 



n-l 



0. 



(") 



i 



^-J2Ha k (x))- V (E(x) 

fc=0 

\ - <p(E(x))) <±J2 \<p(a k (x)) - <p(E(x))\ 



n— 1 



fc=0 

if (ii) holds true. 



fc=0 



□ 



According to the case of i?-ergodicity (cf. [1]) and E-weak mixing (cf. 
[13]), we provide a sufficient condition for the E'-mixing concerning the norm 
convergece of Cesaro means of all the subsequences {a nk }ken- 

Proposition 2.3. Let (21, a) be a C* -dynamical system. Suppose that there 
exists a conditional expectation E : 21 h- > 21° of 21 onto the fixed-point subalge- 
bra 2l a ; such that 



lim — 

n— >+oo n 



fc=i 



a nfe (^ 







(2.5) 



for each x G 21 satisfying E(x) = 0, and for each sequence < n\ < n 2 < 
• • • < rik < ■ • • of increasing natural numbers. Then (21, a) is E-mixing. 

Proof. Suppose that (2.5) holds true for each sequence < rt\ < n 2 < ■ ■ ■ < 
n k < • • • of increasing natural numbers and for each x G 21 satisfying E(x) = 0, 
but (21, a) is not ^-mixing. Then there should exists a norm one functional tp G 
21* and an element x G 21 with .E-vanishing expectation, such that <p(a n (x)) 
does not vanish when n — > +oo. By passing to subsequences and modifying ud 
by a phase-factor, we can suppose that Re((p(a nk (x)) > c > 0, k — 0, 1, 2, . . . . 
But 

n— 1 -. n—1 

-^V fe (^) > -^Re(v?(a nfc (^)) > c> 



fc=0 



fc=0 



which contradicts (2.5). We then conclude that lim ip(a n (x)) 



for each x 



with ^-vanishing expectation. The result follows as a G 21 can be written as 
a = (a - £(a)) + £(a) with E(a) G 2l a . □ 
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3. STRONG MIXING OF THE FREE SHIFTS 

The present section is devoted to prove that some quantum dynamical sys- 
tems enjoy the very strong ergodic property of _E-mixing, E being the condi- 
tional expectation on the fixed point subalgebra. The examples under consider- 
ations are the free shift on the reduced amalgamated free product C*-algebra, 
and lenght-preserving automorphisms of the reduced C*-algebra of RD-group 
for the lenght-function, the latter including the free shift on the free group on 
infinitely many generators. 

Let D be a unital C*-algebra with identity 1, and E^ iSniBa conditional 
expectation onto the unital C*-subalgebra 23 with the same identity 1. For 
each integer i 6 Z, consider a copy (%,Ei) of (£>,#§), together with the 
reduced amalgamated free product 

(%E) = (*< s ) teZ (%,E t ). (3.1) 

The C*-algebra 21 naturally acts on a Hilbert right QS-module £ and it is 
generated by |A„ : a G 2lj ,i G Z}, A* being the embedding of 2lj in B<s(S), 
the space of all the bounded Q3-linear maps acting on S. The conditional 
expectation E is given by 

E(a) = (la , 1) , aG2l, 

( • , • ) being the 23-valued inner product of £ which is supposed be linear w.r.t. 
the first variable. We refer the reader to [1] and the references cited therein, 
for further details. 

The free-shift automorphism a on 21 is the automorphism of 21 given by 
a (A») = for all a G 21 and i G Z. 

Theorem 3.1. Let a be the free-shift automorphism on the reduced amalga- 
mated free product C* -algebra 21 given in (3.1). Then a is E-mixing. 

Proof. Fix a G 21 of the form a = w for a word w = \™ 2 ^ ■ ■ ■ )^} P \ with 
p > 1, dj G 21^-p and m(i) G Z fulfilling m(i) ^ m{% + 1), % — 1, . . . ,p — 1. 

Here if % G Z, 21° := {a - E^a) : a G 21*}. Notice that 

a k( w ) — \m(l)+hm(2)+fc . . . ym(p)+k 

Let us take any increasing sequence {/cjjjeN C N. Define 

rrij(l) := m(l) + kj , j G N , 1 < I < p . 

Notice that 

n k i(w\ = \ m iW \ m i( 2 ) . . . \ m i(p) 
" V / ai (i2 a p 

In addition, m,j(l) ^ rrij(p — 1), j G N, and j ^ j' implies rrij(l) ^ mj/(l), 
rrij(p) 7^ rriji(p). Thus, we can apply the estimation in Proposition 5.1 of [1] 
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to the element f n := a kj (w) , obtaining 



j'=i 

lA 



j'=i 



(iy) 



< 



2p+ 1 

1/2 



n 

i=i 



(3.2) 



It was proven in [1] that a is .E-uniquely ergodic. This implies that 



lim 

n— >+oo n 



n—1 

- > a 



(a) = £(a) 



fc=0 



for every a G 21. By a standard density argument, (3.2) implies that, if a G 21 
fulfils E(a) = 0, then 



lim 



- (a) 



0. 



□ 



The proof is now complete by taking into account Proposition 2.3. 

The other examples considered here are the free shifts on the reduced C*- 
algebra on RD-groups (cf. [7]). 

Theorem 3.2. Let (3 be a lenght-preserving automorphism of a RD-group G 
for the lenght-function L, such that its orbits are infinite or singletons. Then 
the automorphism a induced by (3 on C*(G) is E -mixing. 

Proof. Let H := {g G G : (3(g) = g}. As a is -E-uniquely ergodic (cf. [1], 
Proposition 3.5), the pointwise limit in norm 

1 



E := lim - a k 

n— ►-t-OO n — ' 



k=l 



exists and gives rise to the conditional expectation projecting onto the fixed- 
point algebra C*(H) C C*(G). The proof follows as in Theorem 3.1 by taking 
into account that 



lim 

n— >+oc 



n 



3=1 



<C(1 + L(g)y 



P{G) 



C(l + L(g)Y 



□ 



for each sequence {kj} of natural numbers, and (3(g) g. 

Finally, we report the case of the automorphism generated by the shift on 
the free group on infinitely many generators. The shift on the generators is 
defined as (3 : gi i— > g i+1 , i g Z. 

Corollary 3.3. Let be the free group on infinitely many generators {gi}iez- 
Then the automorphism a induced on C*(Foo) by the free shift on the genera- 
tors is E -mixing with E — r( • )1, r being the canonical trace on C*(Foo). 

Proof. By taking into account the Haagerup inequality (cf. [5], Lemma 1.4), 
we reduce the matter to a particular case of both Theorem 3.1 and Theorem 
3.2. □ 
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4. THE CASE OF CLASSICAL DYNAMICAL SYSTEMS 

Let (21, a) be a C*-dynamical system. Consider i?-ergodicity, E-weak mix- 
ing and ^-mixing listed before. When there exists only one invariant state 
uj for a (i.e. when E = u( ■ )1), the last can be considered as the topological 
analogous of measure theoretic ergodicity, weakly mixing and mixing, respec- 
tively. It is known that the irrational rotations on the circle satisfy (i) but not 
(ii) in Definition 2.1. However, at least for the separable case, we will show 
that it is impossible to exhibit a classical dynamical system satisfying (iii) in 
Definition 2.1, unless it is conjugate to the trivial one-point dynamical system. 

In the present section we restrict our analysis to compact metric spaces. To 
have an idea of what happens in the classical situation, we discuss the following 
example suggested by D. Kerr. We start with the one-point compactification 
Zqo of Z. The shift ct(f)(x) = f(x + l) extends to an automorphism of C(Z 00 ), 
and the measure defined by the evaluation at infinity 

Voo(f) ■= lim/(x) = /(oo) 

is invariant for a. The dynamical system under consideration satisfies (2.4), 
but it is not strictly ergodic. However, it is conjugate to the trivial one-point 
dynamical system. We prove that all the classical dynamical system satisfying 
(2.4), arise essentially in this way, up to conjugacy. 1 We start with the following 
preparatory result. 

Lemma 4.1. Let (X,T) be strictly ergodic. Then there exists some x £ X 
and a subsequence {n x (k)}ken such that \\mT rix ^ xq = x for each x £ X . 

k 

Proof. Let d be a fixed metric on X. We can restrict the matter to the case 
\X\ = +oo, the result being trivial for finite X. Then X is a perfect set, 
otherwise it would be finite. The dynamical system (X, T) is minimal (cf. 
[12]). Thus, it is forward topological transitive, see e.g. [11], Theorem 5.10 
by taking account the remark after Theorem 5.6. Then there exists a forward 
dense orbit {T n xo \ n £ N} for some xq £ X. Fix x £ X. We can find a 
function f x : N — > N such that 

< d(x,T Ml) x ) < 1//, 1 = 1,2,.... (4.1) 

Notice that the range of f x cannot be finite. Indeed, if |/ x | < +oo, there 
would exist infinitely many I, say {/fejfeeN) suc h that for some integer n , 

fx(h) =n , 1 = 1,2, ... . 

Thus, by (4.1), 

< d(x,T no x ) < 1/Z fc -> 0. 
As the sequence {f x (l)}ieN of natural numbers has +oo as a cluster point, 
there exists a subsequence, defined as n x (k) := f x (h), such that \imn x (k) = 

k 

+oo. Finally, by construction, limT^^Xo — x. □ 



Other similar examples come from the one point compactification of countably many 
copies of Z, by following the previous construction. 
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Theorem 4.2. Let X be a compact metric space, and T : X i— > X a home- 
omorphism. Suppose that (X, T) satisfies (2.4), /x £/ie unique invariant 
probability measure under T and E(f) = f fdfJ>- 

Then (X, T) is conjugate to the trivial one-point dynamical system. 

Proof. Consider the support supp(yu) of the unique invariant measure for the 
trasformation T. It is well-known that supp(/i) is a closed invariant set for T. 
Then the resulting dynamical system (supp(/i),T|~ supp ( M )) is strictly ergodic 
by construction. By Lemma 4.1, there exists xo G supp(/i), and a subsequence 
{n x (k)}keN depending on a; G supp(/x), such that limT^^xo — x - Fix £1,2:2 G 



According to the Jewett-Krieger theorem (cf. [7, 8]), it is possible to con- 
struct a huge class of uniquely ergodic classical dynamical systems. It is still 
unclear if the Jewett-Krieger theorem can be established in the weak mix- 
ing situation. However, by Theorem 4.2, the analogous of the Jewett-Krieger 
theorem cannot be carried out for the mixing situation. 

Corollary 4.3. Let (X, A, fi, T) be a measurable dynamical system. If it is 
conjugate to a uniquely mixing one, then L°°(X,A, fj) ~ CI. 

Proof. Theorem 4.2 implies that if (X, A, //, T) is conjugate to a uniquely mix- 
ing one, then it is conjugate to the trivial one-point dynamical system as 
well. □ 



At the light of the previous results, it is natural to address some ergodic 
properties which are suitable for applications to quantum physics. 

Let (21, a) be a C*-dynamical system, and u G 5(21). Consider for a, b, c G 
21, the following properties 




This means that x\ — x-i- 



□ 



5. MORE ON DYNAMICAL SYSTEMS 




n-1 



(5.1) 



k=0 




n-1 



(5.2) 



lim tu(ba n (a)c) 



uj{bc)uj{a) . 



(5.3) 
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Notice that by polarization, (5.1), (5. 2), (5.3) are equivalent to 

1 n— 1 

lim - V uj(b*a k (a)b) = uj(b*b)uj(a) , 

n— >+oo Ti ^ — ' 



fc=0 
n—1 

lim - V U&*c/(a)6) - uj(b*b)uj(a) I = 

fc=0 

lim w(6*a n (a)6) = w(6*6)u;(a) , 

n^+oo 

for each a, b G 21, respectively. 

Properties (5.1), (5.2), (5.3) imply ergodicity, weak mixing or mixing for the 
dynamical system (21, a, uj), respectively. It is expected that the former are 
stronger then the latter. However we discuss relevant situations for which we 
have the equivalence between the corresponding properties. 

We start by saying that the C* dynamical system (21, a,uj) is asymptotically 
Abelian if 

lim u(c[a n (a), b]d) = , a,b,c,d G21, 

n^±oo 

where [a, b] = ab — ba stands for the commutator. 2 

The following result is more or less known to the experts. We report it for 
the sake of completeness. 

Proposition 5.1. Let the C* dynamical system (21, a, u) be asymptotically 
Abelian, or the support of uj be central in 21**. Then the properties (5.1), (5.2), 
(5.3) are equivalent to ergodicity, weak mixing or mixing for the dynamical 
system (21, a, uj), respectively. 

Proof. Let the C* dynamical system (21, a, uj) be asymptotically Abelian, and 
set T n := oj(b[a n (a), c]). By asymptotic Abelianess r„ — > 0, and 

^ n—1 n—1 

n ^-^ n ^-^ 

k=0 k=0 

as well. Thanks to this, we get for example, 

n—1 n—1 



-^2\uj(ba k (a)c) - uj(bc)uj(a)\ < - J^|r fc | 

71 k=0 U k=0 

^ n—1 

H — ^2 \u(bca k (a)) - uj(bc)uj(a) \ — > 



k=0 

by weak mixing. The other equivalences follow analogously. 

Let now (7i u ,Tr u ,Q,U) be the GNS covariant representation for (21, a, uj). 
Suppose that the C* dynamical system (21, a, uj) is ergodic, weakly mixing or 
mixing. Then it satisfies (2.1), (2.2), (2.3) respectively. As the remaining 



2 The reader is referred to [3] and the literature cited therein, for the more general case 
when Fermions are present. Proposition 5.1 holds true as well if the invariant statew is 
graded asymptotically Abelian. 
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assertion follow analogously, we restrict ourselves to mixing situation. Let 
T G 7^(21)'. We have 

{n u (b)n u (a n (a))TQ, Q) — > (n u (b)m, Q)u(a) . (5.4) 

As the support of u is central in 21**, is cyclic for 7^(21)' too. Then (5.4) 
leads to 

(7r w (&)7r w K(a))£, fl) — (7r w (6)e, fi)w(a) (5.5) 

for generic £ G 7^ w . The assertion follows by computing (5.5) with £ = 71^(6)0,. 

□ 

We start with various convergences to the equilibrium in a fixed folium. 
These are intermediate situations between ergodicity, weak mixing and mixing 
(i.e. when one considers the folium generated by a fixed invariant state), and 
unique ergodicity, unique weak mixing and unique mixing (i.e. if one considers 
the universal folium 21* in the case when the invariant state is unique). 

Let (21, a) be a C*-dynamical system, T C 21* a folium, and uj G 5(21) a 
state. We say that (21, a) is (J 7 , u)-ergodic, (J 7 , uj)-weakly mixing or (J 7 , un- 
mixing if 

n— 1 

Urn - V^(a fc (i)) =<p(l)w(x), 

n— >+oo 72 L — ' 
fc=0 



j n— 1 

lim -^|^(a fc (x))-^(lV(a:)| =0, 



fc=0 

lim (/9(a n (a;)) = <^(l)a;(a;) . 
holds true for each x G 21, </? G J 7 respectively. 

Proposition 5.2. Lei (21, a, a>) &e a C* -dynamical system. Then (JF^ , cj) - 
ergodicity, {J 7 7 , ui ,u)-weak mixing or (J 7 ^ , u) -mixing are equivalent to (5.1), 
(5.2), (5.3), respectively. 

Proof. We have only to show that each of the latter properties implies the cor- 
responding one in the former list. We restrict ourselves to weak mixing, as the 
remaining ones follow analogously. Let tp G J 7 ^ and x G 21. Then there exists 
£, r\ G such that ip(x) = (^j^ 7r w (:r)£, rj). If e > 0, then there exist L G N 



such that 



1>L 



<e\\x\\. Put K:=l + ||r/|| + v /l + 2||e|| + ||e|| 2 . 



Choose q, such that || £z — 7^ (q)fi || <e/VT, \\r)i — Tr u (b*)fl\\ < e/y/Z, I — 
1, . . . , L, and finally fix a G 21 with ||a|| < 1. It is straightforward to check 
that 

n— 1 L /• -. n— 1 

- ^ |y?(a fc (a)) - y?(lV(a) | < 2Ke + £ ( - ^ M^(a)q) - cu(qq)^(a) | 

A;=0 Z=l ^ fe=0 
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which goes to zero as e is arbitrary. □ 

Notice that, the (2T, cj)-ergodicity, (21*, u;)-weak mixing, or (21*, cj)-mixing 
mean by definition, unique ergodicity, unique weak mixing and unique mix- 
ing respectively, uj being the unique invariant state. The o;)-ergodicity, 
(J--x w , u;)-weak mixing or {T^ u , u;)-mixing are nothing but, the natural general- 
izations suitable for physical applications (cf. Proposition 5.1), of the standard 
ergodicity, weak mixing and mixing respectively, for the dynamical system 
(21, a, uj). It is easy to show that uj is invariant, but not necessarily uj G T . In 
addition, it is unknown if the forward ergodic properties as those listed above, 
do imply the corresponding ones for the backward dynamics. However, we 
have 

Proposition 5.3. Let (21, a) be a C* -dynamical system. 

(i) // (21, a) is (21* ,cu) -ergodic, (21* ,uj) -weakly mixing, or (21* ,uj) -mixing, 
then (21, a^ 1 ) is (21* ,uj) -ergodic. 

(ii) If (21, a) is (J 7 ^ , uj) -ergodic, (JF^ , a;) -weakly mixing or (JF^ , a;) -mixing, 
then (21, a -1 ) enjoys the corresponding property, provided (21, a, uj) sat- 
isfies one of the hypotheses of Proposition 5.1. 

Proof, (i) If (21, a) fulfils anyone of the properties listed above, it is uniquely 
ergodic, with uj as the unique invariant state. But uj is the unique invariant 
state for a -1 as well. This means that (21, a -1 ) is (21*, uj) -ergo die. 

(ii) Let U be the unitary implementing a on H nuJ . According to Proposition 
5.1, the dynamical system (21, a, uj) is ergodic, weakly mixing or mixing if and 
only if (2.1), (2.2) or (2.3) holds true respectively. It is easy to show that each 
one of the latter is satisfied if we replace U with U*. The assertion will follow 
again by Proposition 5.1, as the canonical implementation of a~ l is precisely 
U*. □ 

It would be interesting to construct a C*-dynamical system (21, a) which is 
uniquely weakly mixing or uniquely mixing, such that (21, a -1 ) is not, provided 
the such a dynamical system would exist. This is not the case of the free shift 
on the free group. 

Proposition 5.4. The dynamical system (C*(Foo), a" 1 ) is (C*(¥qo)*,t) -mixing 
as well. 

Proof. Let the gt be the /c-generator of Foo, and 0X gk := X 9 k he "time reversal" 
symmetry. 3 Such an automorphism fulfils 6 2 = id, 8a = a~ 1 0, ro0 = r. We 
getforxeC^Foo), ^C;(F M )*, 

ip( a - n (x)) = (6*(p)(6a- n (x)) = (e*(p)(a n (6x)) 
^ (9*<p)(l)(9*r)(x) = <p(l)r(x) . 

□ 



Recall that a time reversal symmetry docs not always exist for a dynamical system, see 
e.g [10]. 
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